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Nomenclature
I = identity matrix
K = stiffness matrix
P = load vector
Q = generalized aerodynamic force coef� cient matrix
Nq = dynamic pressure
Nqdiv = divergence dynamic pressure
r1; r2 = relaxation factors
D u = de� ection vector
¸ = eigenvalue

Introduction

C ALCULATIONS of static aeroelastic response must some-
times be done iteratively.Although many standard aeroelastic

analysis techniquesuse a linear-lifting-surfaceaerodynamictheory,
permitting the calculationof generalizedaerodynamic force (GAF)
coef� cients,1 iteration is unavoidable if the aerodynamic model is
nonlinear. In such a case, a set of GAF coef� cients does not exist
in general. However, if structural de� ections are small, the incre-
ments in aerodynamic loads may be nearly linear functions of the
de� ections in the near vicinity of any nonlinear point.

It is of interest, then, to understand the convergencebehavior of
iterative static aeroelastic solutions. In particular, the in� uence of
the static aeroelastic instability known as divergence can have a
substantial effect on the convergence behavior of such iterations.
Because the divergence condition may be known only from a lin-
earized approximation, one needs to be alert to the possibility of
convergencedif� culties that may arise, how to recognize them, and
how to overcome them. The present work addresses the conver-
gence behavior of linear iterative static aeroelastic calculations for
restrained structures on the premise that the linear case is of prac-
tical interest for nonlinear iterations, being illustrative at worst and
locally applicable at best.

Development
The load–de� ection relationship for a discretized model of a re-

strained structure (such as a � nite element model) can be written

K D u D P (1)

For static aeroelastic problems, P is generally, though not exclu-
sively,a vectorof aerodynamicforces.The forcevector is composed
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of the forces P0 created by the attitude and shape of the undeformed
structureas well as those forces 1P arising from the deformationof
the structure. For the linear case, a GAF matrix Q may be de� ned:

1P D Nq Q D u (2)

Then, the total loads are

P D P0 C 1P (3)

Substituting Eqs. (2) and (3) into Eq. (1), solving for de� ections,
and resubstituting into Eq. (3),

P D [I ¡ Nq Q K ¡1]¡1P0 (4)

If the aeroelastic stiffness matrix [K ¡ Nq Q] is singular, then the
structure is at a conditionfor aeroelasticdivergence.The divergence
dynamic pressure can be obtained for the linear equation (4) as the
solution to an eigenvalue problem

det[K ¡ Nqdiv Q] D 0 (5)

where the critical divergence dynamic pressure Nqdiv is the lowest
positive eigenvalue.

Linear Simulation of Iterative
Static Aeroelastic Computation

The aeroelastic calculation is treated as if it were a case in which
the structuralcomputationsand nonlinearaerodynamiccalculations
are loosely coupled. That is, the aerodynamiccalculations are con-
verged before the resulting loads are transferred to the structural
model for de� ection calculations. However, we use the linear ex-
pression for the aerodynamic loads and compare the iterated result
with the exact result that is possible in the linear case, Eq. (4).

As before,consideran initial load distributionP0 that corresponds
to the aerodynamic loads on the rigid structure. The total load, in-
cluding the aeroelastic increment resulting from de� ections caused
by the initial loads P0 , is

P1 D P0 C 1P1 D [I C Nq QK ¡1]P0 (6)

Then, the second iteration proceeds using P1 to determine new
increments in de� ection and resulting load:

P2 D P0 C 1P2 D [I C [ Nq Q K ¡1] C [ Nq Q K ¡1]2]P0 (7)

A pattern emerges such that, after the nth iteration,the load vector is

Pn D [I C [ Nq QK ¡1] C [ Nq QK ¡1]2

C ¢ ¢ ¢ C [ Nq QK ¡1]n ]P0 D
n

i D 0

[ Nq Q K ¡1]i P0 (8)

In the proper circumstances,this series should converge to the exact
solution, Eq. (4):

lim
n ! 1

n

i D 0

[ Nq QK ¡1]i P0 D [I ¡ Nq Q K ¡1]¡1P0 (9)
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The series on the left-hand side of Eq. (9) is a geometric series
in the matrix Nq Q K ¡1 . A scalar geometric series converges if the
magnitude of the scalar is less than unity.2 For a geometric series in
the matrix A, consider

lim
n ! 1

n

i D 0

Ai u (10)

where u is some vector. It can be shown that convergence of the
matrix geometric series requires convergence of a set of scalar ge-
ometric series, where the scalars are the eigenvalues of the matrix
A. Therefore, for the present aeroelastic problem, the eigenvalues
of the matrix [ Nq Q K ¡1] must be less than unity for the matrix series
in Eq. (9) to converge. It can be shown that the matrix geometric
series should converge as

lim
n ! 1

n

i D 0

Ai u D [I ¡ A]¡1u (11)

Thus the series in Eq. (9) does converge to the desired result if the
magnitudes of the eigenvalues of the matrix Nq QK ¡1 are less than
unity. This same matrix Nq QK ¡1 is also crucial in determining the
divergence dynamic pressure. The eigenvalues of Nq Q K ¡1 are ob-
tained from

det[¸I ¡ Nq Q K ¡1] D 0 (12)

Applying the aeroelastic divergence criterion,

det I ¡ Nqdiv Q K ¡1 D 0 (13)

Rewriting the eigenvalue problem as

det[I ¡ . Nq=¸/QK ¡1] D 0 (14)

It is seen immediately that

¸ D Nq= Nqdiv (15)

Because the magnitude of ¸ must be less than unity for the series to
converge,

Nq < j Nqdiv j (16)

A common practice is to apply relaxation factors to the inter-
mediate results (either de� ections or loads) in iterations to assist
convergence.3 One technique is to use a weighted average of the
result Pi ¡ 1 of the previous iteration and the result P0

i of the current
iteration as a replacement for the current result in the next iteration,

Pi D r1Pi ¡ 1 C r2P0
i (17)

It can be shown that, for the nth iteration,

Pn D r2

n ¡ 1

i D 0

r1 I C r2 Nq Q K ¡1 i
P0 C r1 I C r2 Nq Q K ¡1 n

P0

(18)

In the limit, the last term on the right-hand side will vanish if the
magnitude of the eigenvaluesof r1 I C r2 Nq Q K ¡1are less than unity,
which is requiredfor convergence.Then,usingtheknown converged
limit of a matrix geometric series, Eq. (11),

r2 lim
n ! 1

n ¡ 1

i D 0

r1 I C r2 Nq QK ¡1 i
P0

D r2 I ¡ r1 I C r2 Nq QK ¡1 ¡1
P0 (19)

If r1 C r2 D 1, then

r2 I ¡ r1 I C r2 Nq QK ¡1 ¡1
P0 D I ¡ Nq Q K ¡1 ¡1

P0 (20)

is satis� ed easily. Limits on the scalars r1 and r2 can be established
by applying the condition that the magnitudes of the eigenvaluesof

.r1 I C r2 Nq QK ¡1/ must be less than unity for the series to converge.
When this is used along with the aeroelasticdivergencecriterion,as
before, and r1 C r2 D 1,

0 < r2.1 ¡ Nq= Nqdiv/ < 2 (21)

The dependenceof the relaxationfactors upon the dynamicpressure
ratio is depicted in Fig. 1. The shaded regions are valid values of
the relaxation factors. Relaxation factors in the darkly shaded re-
gion are valid for all situations except for when the � ight dynamic
pressure is greater than the divergence dynamic pressure, but this
condition is not of practical interest.

The effectsof relaxationon the pitchingmoment convergencefor
an elasticallymountedairfoil4 are depictedin Fig. 2 for fourpossible
relationshipsbetween � ight and divergence dynamic pressures. No
relaxation is done for Nq > Nqdiv because it is not of practical interest.

Fig. 1 Relaxation factors
vs dynamic pressure ratio.

a) Åqdiv > 0 and Åq = Åqdiv /2

b) Åqdiv > 0 and Åq = 1.5 Åqdiv (no relaxation)

c) Åqdiv < 0 and Åq = j Åqdiv j /2

d) Åqdiv < 0 and Åq = 1.5j Åqdiv j
Fig. 2 Iteration histories for two-dimensional airfoil.
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The relaxation factors chosen (both equal to 0.5) dramatically im-
prove the convergenceof the two cases for which Nqdiv < 0. Although
these factors worsen the convergenceof the � rst case ( Nqdiv > Nq > 0),
the iterations still converge.

Conclusions
The problem of convergence of iterative static aeroelastic solu-

tions are discussed using a linear simulation. The intimate rela-
tionship of the � ight and divergence dynamic pressures to the con-
vergence behavior is derived and illustrated. Rigorous criteria are
derived for selecting the relaxation factors to ensure convergence
of the iterations for a linear system. Knowledge of the divergence
speed for a linearized point in a nonlinear iteration should be of
bene� t to convergenceof the nonlinear iteration.
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Effect of a Splitter Plate
on Transonic Wing Flow:

A Numerical Study
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Introduction

I N the experimental analysis of the � ow around isolated wings,
semimodels mounted on a sidewall are widely used. Indeed, this

approach is very attractive, because supports are not needed, and,
hence, the effects of the interference between models and supports
are eliminated. On the other hand, the � ow at the root of the semi-
model is clearly different from that at the symmetry plane of the
isolated wing, due to the effect of the sidewall boundary layer, as
pointed out in Ref. 1 for a low-aspect-ratio wing. To reduce this
effect, the model is commonly offset from the tunnel sidewall by
means of a splitterplate.Nevertheless,even in this case, the splitter-
plate boundary layer may signi� cantly affect the experimentaldata.
Furthermore, on a forward-swept wing in transonic � ow, a strong
shock wave is present in the wing root region; hence, signi� cant
interactions may occur between this shock wave and the sidewall
boundary layer.

The motivationof the present study arises from the discrepancies
observedat the wing root between experimentaldata and the results
of a Navier–Stokes solver for the transonic � ow around a forward-
swept wing of high-aspect ratio.2 Because these discrepancies are
limited to the wing root region and good agreement is found on the
remainder of the wing, a possible explanation is the in� uence of
the sidewall boundary layer on the experimental data. Therefore,
in the present paper, the effects of a sidewall boundary layer on
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the transonic � ow around a forward-swept wing are numerically
investigated.

Experimental Conditions and Numerical Method
The tests, carried out in the Medium Speed Wind Tunnel of the

Council for Scienti� c and Industrial Research facilities, in South
Africa, are described in Refs. 3 and 4. The wing model has zero
twist and dihedral angles, a negative sweep angle (3 D ¡25 deg, at
one-quarter of the chord); aspect ratio D 5:7; taper ratio D 0:4; and
NACA 0012 wing sections. The splitter plate used in the experi-
ments is described in Ref. 4. Pressure measurements are available
at 10 span stations and 32 chord points.3 The measurement pro-
cedure and accuracy are described in Ref. 4. The data obtained in
transonic regime (M D 0:7), at Re ¼ 2:8£106 , based on the mean
aerodynamicchord, are considered in this Note.

For the numerical solution of the Navier–Stokes equations, the
commercial code RAMPANT5 (developed by FLUENT) is used.
Three-dimensional compressible Navier–Stokes or Reynolds-
averaged Navier–Stokes equations can be solved. The numerical
method is based on a � nite volume formulation and is second-order
accurate in space. Steady solutions are obtained by time-marching
theequationswith an explicit,multistage,Runge–Kutta schemewith
multigrid convergence acceleration. The solution is considered to
have reached convergence after a three-order-of-magnitude reduc-
tion of the rms residual for each of the conservedvariables.A more
detailed description of the numerical procedure can be found in
Ref. 2.

In all of the simulations, the external boundary is represented by
a cylinder of circular section, with a radius of 6.75 mean aerody-
namic chords and a spanwise length of 2.5 wingspans, starting from
the wing root. An analysis of the sensitivity to the dimensions of
the computational domain was carried out, indicating that, for the
domain used here, the in� uence of the externalboundaryconditions
on the solution is negligible.All of the results presentednext are ob-
tained by solving the Reynolds-averagedNavier–Stokes equations
with the standard k-" model.

Analysis of the Results
In Fig. 1, the chordwise pressure distributions obtained in the

numerical simulation, for the isolated wing at an angle of attack of
8 deg, are compared with the experimental data at two spanwise
sections.The computationalgrid has approximately175£103 cells.
Figure 1b shows that at 40% of the semispan [y=.b=2/ D 0:4], the
numerical results are in good agreementwith the experimentaldata.
Conversely, at y=.b=2/ D 0:04 (Fig. 1a), the position and intensity
of the shock wave obtained numerically are completely different
from those observed experimentally.Moreover, in the experiments,
the shock wave induces a separationof the boundary layer; whereas
in the numerical simulation, the boundary layer remains attached.
Another simulation on a grid of approximately 300 £ 103 cells, lo-
cally re� ned in the wing root region, showed the grid independence
of the results.2 As discussed previously, a possible explanation of
the discrepancybetween experimental data and numerical results is
the presencein the experimentsof a splitterplate that couldaffect the
measurements, particularly in the region close to the wing root. To
investigatethis effect, a numerical simulationof the � ow around the
wing mounted on the splitter plate has also been carried out. The
computational grid used in this simulation has approximately the
same resolution as that used for the isolated wing (the total number
of cells is »D500£103).

The numerical chordwise pressure distributions, obtained at
y=.b=2/ D 0:04 and y=.b=2/ D 0:4 in this simulation, are compared
with those over the isolated wing and with the experimental data, in
Figs. 2a and 2b, respectively.

Figure 2 shows that the splitter plate strongly affects the posi-
tion and intensity of the shock wave near the wing root. In the
simulation with the splitter plate, the shock wave moves upstream
by about 10% of the local chord with respect to the isolated wing
case, and the agreementwith the experimentaldata is noticeablyim-
proved.Moreover, theboundarylayer separatesimmediatelybehind
the shock wave, as in the experiments. Nevertheless, the pressure


